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The cxis[cnce of Ihrcsholds for clcc[rical dischfirgc
onscl Suggcsls J func[lollul rclulion bc[wccn macroscopic
rcslsiivily und currcn[. :41 low currcn[, [he rcsistivi[y

$h~uld bc inversely proporlionul 10 ihc magni(udc ()[’ IIIC
currcrrl. %Iacroscopic models which employ [his sc~liny
l)rcdicl many cmpiric~llv ,It)scrvcd propcr[lcs ()( lr~nsicnl
clcc[rical discharges, such :1s (i) thresholds I’or onsc[ 01
~urrcnl, (Ii) ~hrupl [crnllndl ion () f currcnl i n Jclivu
regions of J Curl-cn[ ch:lnncl, (iii) currcnl rcslur[ i n
pJsslvc regions (, I ~urr~n( ch~nncls, fiv) Ictidcrs, Jnd ( i)
rcsiduul charge, bo[ti in uhunrlcls und JI sources Whcll

(ur[cnl [crminatcs. LVc prcscnl ~n overview of rcsctiruh
wllh lhcsc models und usc cxumplcs [() illus[r~[c Ihc rcsul[s,
IIIJ[ IIJI. IC been oh[aincd, \Vc JIS() show hOW (]1 CSC I11OL!CIS

l)[c(!icl current channel fornl~tion Jnd dcsc-ribc rcsui(s 01”
cl’ forls !() benchmark [hcory with cxpcrimcnl~l dola,

\’(. I \ ,li’L’lll\l l{’ 11(1111(’11 (’; ll !Illl(lldll(lll} 1’1,1s1”(1 1)11

,“.OIVIII1! l);lr(l~lc lr;ll(~[oll(’~ ll)ilk L’ II llo\\ll)l(” 10 ‘.l(l\l\

Ill,lllv ,l\:)c(’ls 01 (’IL’ (’11’1(’,11 Ils(’llill’gts 1!1 I! IL’ ill (l\ ’(, Ill

ll~)u(.v(.r, (.vI:fl wlltl III(! l~,lll;lllllil} 111(1 (1(’j(’r (11111 /,111 {)11

,, I ‘:\l\lllli! 111Jlllll”;llll L’\! 11111(’ .l(’l~l)llll! I(”(lll llt’1ll (’111.

1,’11(1(’r 1111’\c $,II II UI:III (III ,111(11(’s 11111)1:1( ’l!cul I’ol l)l”l’(ll(’lll l,!

:ls(’ll;ll~!(’ 1)(’ll;lvlol (Ill 11111(’ .( ’:llr~ iolllp; ll; ll)lc 1{1 1111’ 111(’ 111

I ,Ili(ll,iri:r,



.Macroscopic models, on Ihe olher hand, allow one 10
study Ihe entire evolution of a discharge. but al a price.
The usefulness of a model depends s[rongly on Ihc physical
relevance of [he modeling of discharge parameters. as well
as on uncertainties in boundary and ini[ial condi[io~s.
Some guidance for [he model is provided by cxperimcnl.
Specifically, [he vol[age drop ~cross m~ny DC dischar~cs
[ends [o depend very weakly on discharge currenl, ~ ~ ,
RIII=V*, where V* is a cons[ant.

In addition, an: model aspiring 10 describe an
electrical discharge over i[s entire Ii fe[ime must accoun[
for several empirical observations. Field and/or vollage
[hresholds arc required for [he onse[ of a discharge
currcnl. Discharge current can terminate abruptly with
charge remaining al [he source and in [he currcnl
channel.

The cxislence of [hresholds for currcn[ onscl may
be interpreted as cvidcncc of J \[rL)n~ dissipillivc, or
rcsislive, mechanism being in pltiuc U1 small currcnl,

}Iowever. [he energy nccdc~ [o ovurcomc [his cffcc[ musl
bc finite, For a Iumpcd puramcicr (LCR) ~pproxim~lion ol’

a discharge. [his implies ~n ~rc rcsls[~ncc which is
inversely proportional 10 [hc size 01’ the currcnl when [Ilc
currcnl is small. The cf)clfic]cll[ L)i proporlioaalily mti}
depend on a[c ;ind malcrl:ll llls~orics,

1[ can bc shown [hit [his $inlplc scaling prt)d’,lccs
many observed proper llcs \) I (r2nsicnl clcclrlu~l

discharges.1 These include: (/) ihrcshold for disch~rpc
onscl; (ii) abrupt Icrminalion O( currcr,l: (ii~l rcsidu~l
charge in currcnl chunnels and cha:~c sources “1[
currcnl Icrminalion: and (iv) J linilc nurncr of curr’ I
t)scill~[ions, Ihc numhcr depending \In inilitil voltogc,

The Iumpcd p~r~mclcr Ihcory Ilils 11~1.11

bcrrchmarkcd succcsslully usIIlg JV:IIIJhl C dU[U.2”4 I“llc
succcss wilh lumped II;lr:m]c[cr Inodcls suygcs[s u mldclillv
[)f dissipa(ivc mcchmisms III 1. 1), 2.[), Jnd .?-1) Illl)dcls 1)1

dischdrgcs which illcludcs Ihrrshold clfc~’[s IOCUIIV. \ I

smtill uurrcnls, Ihc disslptitiou is IJrt’sulllcd I() hc lnvcrsc!~

pn)porlionul 10 Ihc m;lgm IIIdc 01” lhc ~urrcnl dcnslly. \{’ 1’

I12V1’ inct)rpor:llcd this dcpclldcllcc i l] hl)ltl flrillllll(’
III()(ICIS 01 SUrlil UC l’lil ShoVCr ;111(1 plilsmil-lh’sl!(l Illodcls ~Jl

l~unuhlh rough ;Ircs.

l!sing 0 $Irll)lillc Illt)tlrl,>” 1 w(’ llJv L. ,Ill;llytcd L Iluli’c

lr;lusp[)r[ in disch:lrpcs inlllulcd ;1I :1 I Il;lryc \llol 1)11 I

dlclcclrlc surtw:c. I’hc \llll;ll”c Is I):l(”hl’11 hv ,1 (’(lll(lu(’1111~’

$dh Slrill C which l-;lrrlcs il n II II; I!!L’ tulrcill 111:11 Lt)tlslllul(o~
IIIC rclurn Icg of Ihc ~lliplillc. ,\ Illil$lllil Il; lscd Illo(ll’1 11.lt

hccll Clllplovr(l 10 \lllllv 111(’ (’ I fl’1’ I ()!” plop; l)!; 1111 l’”
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Cleclromagnelic waves on currcnl channel dynamics. x
The propagating waves are determined by boundary
conditions al currenl channel cxlrcmilics.

In lhis paper, we derive generic properties of
electrical discharge models which utilize the inverse
reliuion bctwccn rcsislivily and currcnl tiI small values of
current. In seclion 111, we dcscribc simple [transmission
line and plasma-based models of discharges in linear
curient channels and discuss lheir remarkable richness
in discharge phenomena. In scclion IV, we present ~hc
results of efforls 10 benchmark theory againsl
cxpcnmcmal data. Those cffons have. 10 dale. been Iimllcd
by available data to LCR models of discharges.

If details of [he spatially.dependent Ihcories ICSI
favorably against future cxpcrimenlal da[a, [hen a iligh
priorily should be assigned 10 an understanding of
dissipative proccsscs in clccirical discharges aI low
currcnl.

clcclrical currcnl dcnsily, ~tl .1), Jnd J finilc SCI of (Nil.r

macroscopic” vtiriablcs, [vk f~,ll: L = 1,2,..,.. IIII, “Ill! Scl

mighl Inclullc vol IiIgcs, ~hargc dcnsl[ics l)r components i)f

clcclromagnelic fields, 111 gcncrfil, lhc c“urrcnl dcnslly
may he u sum of the currcnl ticnsilics 01 difi’crcnl spccics
of chargrd par[iclcs,

s\Nc [hill U’j is dcfillcd only II J :. [), A [hill It J :~ (), C’l Is d

unil vccmr, When ;( {.11 # f), Wy I;lhc 11%Cvolllll(lll Ill IN’

I:IVCN hy Jn c(luul ion of lhL” Iorm

(.!)



[hc SC( (vkj, F* is rcs[ric[ed 10 be posi[ive. In particular.

F* may depend on ~ j (e. ~, , i[ may be [he double inner

product of J matrix with [hc dyad ~j~,).

Examples of sys(cms containing current dcnsi[v

cvolu[ions of [his type are given by lumped circuil (LCR)

mode is,] transmission line (distributed parame[cr)

mode ls. ~ and charged fluid (plasma) modelss of [ranslcn[

clec~rical discharges in which a dissipative mechanism
has been ltilren al weak current 10 be inversely

proportional 15 [he magni[ude of [hc current densi[y. In

applications of these models, Ihc current channel is o[lcn

assumed 10 be in the direction of :~:t z-axis. Wriling
4 ,++

J=J C7, CC1. (2) Ilccomes, for simple versions of [hcsc

syslcms

~ r);(z,l) ;!v(t..l)
L ..— --- —- E* sgn j;

Al – (-t1.

(lr~nsmissiorl Iinc) ,

1: :1)

4
(in Ibis CJSC I Is Illl? ~’urrcnl r:llhrr IIl;lrl [Ilc (urrcnl

dcnslly. ) [n cq, (21>), \’(f,l) IS (IIc lIfl)c. :111(1 sllilcc-
dcpcndcnt V[)ll:l&!c h(:lwccll Ihc currcnl ~h:lnncl ;Irl(j 11~

A



in currcnl channels and at charge sources when [hc

discharge lcrminales.1~4.~

The lhrcshold condilion for currcnl onscl is ccn[ral
IO the understanding of ~he macroscopic cvolulion oi arcs.
11 is easily derived from cq. (2), whose camponcrus parallel

and perpendicular IO zj arc given by

aJ

al = F,l . F*; Fll=~.;j.

rcspeclivcly, We show below [hal if j(~o,lo) = 0. cq. (la)

implies j(xo,t) cannot become posilive {i. e., Ihcrc can bc no
4

currcn[ w 7.) unlil IF I > F* Mx-= ~l,. Thcrct’ore, [:’( ~,,,: )

is u Ihrcshold cm’rdili(ln on 17(-; .,1)1 fl)r Ihc l)]]s~l 1)1

discharge currcnl, [or I > IO. if j(~ ~,in) = 0, In pariicul~r.

from cqsm [2til - (~c~. WC WC Ihat V* is a ~hrcshold for IIW
charge spoI Vnllagc of Ihc LCR model E- is J IUUJI
Ihrcshold rlcc[ric field for the vol Iagc grmiicnl uI’ IIIC
transmission Iinc In(Idcl O( surface iloshovcrs, ;Illd O* IS J
local ihrcshold for [IN c[cclric displ~ccnlcnl vrc[ur l“l~r [hc
plasma mmicl of tires.

To dcmonslrti[c

lhw if bo[h J(”~ ~,.l(, )

Ihc [hrcs’mld uondilion, wc olwcrvc

.4

dj[ v ,,,1,, )
.Illcmpls [0 Jpfrly uq, [2}. [hen ccl, I?a) implies “,;[ “.: (),

As J Conscqlu!llcc of lhc lhrrshold Lmumlil!unm II
,

rhx[ric currcn[ IS t’lowing :1[ ; = c ,1 Jnd JI SOIIIL”Illllc, I = 1,,,

Ihc currcnl I:lkcs Ihc V:IIUC ~cro WIICII I ~( ~(1,1,1)1 c I:* fXII. It II.

r~.sl:lr[ ulllil \tllllc Imcr II IIIC, 1. \bhell I 11 K’,,,1)1 > I’*( !’,,,11.

l“1lll. s, IIIC dis~’hargc ~’urrcl]l Lmoli Itrmll}illcwilh t.il~lrut’
lcm:linltl~ i n holh ~.urrcnl t’ll:lllllcls ;111d L Il:lruu

~ourccs. 4-N
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I ransport, it is also the inilial direction of [he channel. 11
is imporlam 10 note lhat this dircclion is n M arbiirary. 11
is governed by IWO facmrs. The firsl is cbviously given by

eq. (3a) which requires that at onset 1~-zji > F*. The second
is due [G lhe fact that when current frrsI starts IO flow U1
any position, the multiplier of lhe lime derivative
direction of current is zero.

suppose ~(x,to) =Obulj(~,l) = O forll s 1< IZ

II >10. From eqs. (3a) and (3b) we have

‘ ? L(;,1’)++
Cj(XJ) = i’j(li’,11) + J dl’ ,

1, j(l ,1’)

I ()

NOW suppose Lhal Iim ;j [ ;.1) cxisls, so when[-,1~+

currcru srarls at t = 10 wi[h a well.dclincd dircclion,

Ihe inlcgral on [he righ[ hand side musI corivcrge as

From cq, (Jb) we scc II,”: (or 1’ -~ 10, J( ~ .1’) is Icss
equal I(I a constant limes I’ - r{), Thcrcforc. for Ihc

in cq. [4a) 10 converge as I I -* 10 wc must have

Iim ~ ~(;,[’) = O .

1’ -+ 10

-+ -B F’(-L-l,,)_
Cj(X,lo+) = E “-~-”

i~( ;’,l,,)1

Since cq. I?J) shows IhiII 1.,, :. 1:*, tf, mIISI Iw in lhc $.III IL’

.
dircclitm ils 1}, If ulcc[rt~lllu~!llcll~” waves l,Iunch IIIL.

~.onrikuous dist’hnr~cs. !’icld II irc~”llt]ns U(llllpmllllc W’1111

~.xcccding Ihrrshold Ilccd II(}I I)c ~’t)lincar Wllh Illc

~lircclion t)l Illc l}rcvit~uqly-~)llcllc(l i“llilllll~l scgmclll. “I”llc
colllinuuli\ln ()( Ihc rh:lllllcl Illily ,ll)ll~ilr I (1 ,Illlllpll)

L“hilll~C dirccllon.

‘rh~ condiliun 1)1’ Ihc medium r;ln Klgnilic’iltlll!
,.111’~tl ltl~ dircclion 111 (“urrcnl t llillllll’1~, ,\s ;111 ct:ll:llllk’.
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Suppose T * = ~ F~~i~l where ~ i is an orthonormal SC[ of
i=l

=?vand?3=unil veclors (e. g.. 7+ I = 2X, 22 - ~z) and

eq. (6) requires lhal at current onset we musl have

-)

Cj= (7)

From cq, (3a) we Jlso musl s~iisfy [he [hreshold condi[ion
F, - F* > () which [ekes the form

(s)

Sole [hat if F~/l-;l >> 1 and F;/l~l >> 1, the [hrcshold

4

condi[ion becomes I FI > F; and 7=F3;3 so currcnl flows

4
IJarallcl 10 c ~.

Ill, spill iallv-Dcncndcn( Dischar~

The lhrcshold propcriy implied by our modeling

rcsisl:lncc J[ low currcn[ has profound corrscqucnccs

i“hurgc [runs porl, :iI Ihc macroscopic Icvcl of Jcscrlp[lon.

(I1C moving chtirgcs which cons[llulc clculrical Currclll

{“tin bc vicww: Js J Iluid. :is u rcsul[. [hc cvolu[lon ol” Ihc
discll~rgc is governed by wiIvc dyn;llnics of [hc (YIW
t’olllrllollly cncoun[crcd in hydrodyn; lmlc or mul!uclo-
ilydr(~dyn:lmic Illodcls. Roughly spctiking, ltlc \bilvrs

wlliuh Jllccl Ihc currcn[ uvolulion :Irc fjl Iwo lypcs: SC1l’.

L“ollsl ‘Icll[. () r sell-gcncrdlcd \\ ’Jvcs: :111d l“rcc l}-

l}r(~p;lgollng, (lr cx[crllfil ly-gcllcrulcd \vuvcs. “1.IIC Cl”l”t.1’ls
,1[ II ICSC wilvcs 011 ltlc c.urrclll urc illuslrulcd hy I \\ ’l)

\’KJmplcs, using ~)llc-dilllcllsiollul Ir;lllsmlss ion Iinc .IIId
plJsmti ll]odcls 01” (Iisrhargcs,

7



Figure I shows the ~rc [transmission Iinc
model we shall analyze. Physically, [he arc can originale
from a highly-charged spot deposi[ed on a dielectric
surface overlying a melal subslra[e. When Ihe rclalive
spol potential exceeds [he sur(ace diclcclric breakdown
threshold. a lransipn[ electrical discharge may occur
across [he surface, we ~ssume lha[ [his discharge. or
surface Ilashovcr arc. carries current. [. over a length, 1.
for a shon time. Schematically, ~he 17ashover arc can be
viewed as a transmission line problem, wilh a generalor
(charged spot) [hat supplies a short, strong voltage pulse 10
a Slrip]ine of lenglh, /. The slriplinc has disrribuled

circuit elements: R (rcsislance), ‘L (inductance), ‘C

(capacitance), and b (dicleclric conductance), all per unil

length, and it may be terminated in a load impedance ZL,

The actual

slripline.

is rcla[ed

lcng[h by

arc currenl, l{x,[), flows in [hc lop Icg of [hc

The charge per unit lcngih on [hc slripline, Q1
to ~hc po(cn[ial :Ind [hc cupocllancc per unll

b=tv. The rclurn currcn[ in [hc boi[orn Icg is
the image currenl flowing in lhc mcioi subs(ralc. .~
reasonable choice for Ihe gcner~[or is m inilitilly charged
capaci[or of LO[al capaci[ancc. Cg, wilh Cc dc[crmincd by

[he dielcc[ric thickness md [he ~rca of ;hc charge spot.
Also. if [he arc [crmina[cs on .1 Inc[allic boundary. ii is
rcmonablc [o SC[ [he lcrminalor irnpcd~ncc ZL = [), which

represcn[s a shon circuit.

A. FLASHOVE17 ARC CONFIGURATION

CHARGEO
SPOT

3. ARC STRIPLINE MODEL

‘.: ‘, :
:. 0 ,.. a—:_- .=— .——- ‘,q ———--—



FIG. 1. (a) Schematic of a surface flashovcr.
In our model, Ihc charge spot and ils image
arc the capacitor. The arc discharge current
and ils image are lhc transmission line. (b)
The transmission (or slripiine) model of the
configuration in (a). Differential elemems of
the discharge and i[s image are modeled as
differential capacitances, inductances. and
resistances. The voltage across l:JC
differential capacitance is V. The current is
L The chzrgc per unit Icnglh on [he line is

‘a.

If Lhe radiation losses are negligible, ihe currenl
cqualions governing the propagation of Lhe current and
vol[agc pUISCS along lhe strip]inc Of Fig, 1 are5

(9)

arc current a!ong ~hc slripline, 1. and vollage
slripline. V, each depend on boih lime. I, a n d
along lhe arc. The bound~ry conditions arc

;V(f).1)
1((),1) = . Cg ~1 .

V(l,l) = z~ I(f.1) .

For simplicity wc shail SC1 ZL =

(11)

() flhc arc Icrminaics w a

$horl). Also, we put lhc diclcclric ~.onducmcc 6 = 0: Ibis
implies ihal, during lhc hislory of lhc flashovcr urc.
llcgligiblc currcnl Icaks lhrough lhc diclcclric, The
second boundary uondilion in cq, I I I ) hccomcs V(l,[) = ().
Typical inilial conditions arc lhosc for i charged line:

IIz,o) = (). V(z,o) = v(z), (12)

“rrfinsmissinn-line models oi cicc~rlctil dischal~cs
L’mploycd 10 I-IUIC have nol been succcsslul in uccnunllrrg
(or nlany of’ lhc observed macroscopic propcrlics of urcs.
For example, Ihlcsholcls for discharge.s. :lbrupt lcrmintilion
1)( dischnrgcs. :Ind Ilontcro source Vol[agcs J1 nrc
lcrminalion htivc nol been prcdic[cd by such models. Wc
have, fol Ihc Iirsl lime. SUCCCSSIUIIY dcscribcd Ihcsc
propcr[ic~ 0( tires xnd o[hcrs by using J lumped circuil
Illodcl Jnd I)y imposing
hclwccn ilrc rcsisltincc ilnd

Jn inverse proporlionulily
currcnl magniludc 01 low

Q



current.1 For Ihc slripline model we employ 10 obmin an
understanding of Ihe spalial distribution of charge and
currcnl during a discharge, wc posruftare m analogous
local fmn of the AWA. Over every infinitesimal interval
of Icngh, wc require, when I # O,

fi

where E* is a

resistance per
electric field.

= E*/111 . (13)

positive constant. The dimensions of ~ arc
unit Iegnth, so E* has Lhe dimensions oi
Eq. (13) guarantees lhal the resistive vol[agc

drop per unit length is always -E*sgnI, where sgnl = I/Ill
for Ill * O. Thus, the system is dissipative.

Employing cq. ( 13) in cqs. (9) and ( 10) yields, afler

scuing ?3=0.

Since the functional dependence of
has only been spccificd when I =
used without cxiension m advance I
1(%,1) = 0 for some non-7.cro inlcrval

General propefiies of currcn~ and vol~age cvolu[ion

in a surface discharge have been discussed clscwhcrc. s
Here wc recall lhril “* is a [hrcshold which musl bc
cxcccdcd by l~V/~xl if current is 10 bc Initiaicd. Nloreovcr-
in regions of space and ~ime where currcnl flows wllhoul
~hanglng sign. so sgnl = conslani. diffcrcntialion 01’ tIqs.
114a) and ( 14b) yields

(15)

.A

:[lac)-li~. Solulions ~rc dclcrmincd hy ini~iai ;Ind
Imundury data. Ilowcvcr. if currcnl Ilows in ~n Ucllvc
region of [he currcnl channel which shuts J passive

rcgionl lhc boundary hclwccn lhc Iwo is nm Iixcd. bui
v:lrics in lime ils voltapc grtirlicnls ivhich were ;Ibovc (Jr
Iwlow Ihrcshold rise or (till, The nmlion 0( [his ircc
[toundary InUSt IIC (jclcrnlincd ;IS ptir[ of Ihc solution 10 Ihc
wave cquulion, [1s molion dclcrmincs how passive Jnd
,Iclivc regions evolve.

In



Wc iilustra[e some of the arc propcrlics wilh J
simple slriplinc cxnmplc.

If the discharge is inilimcd UI a Iargc charge spot tit
z= O, the vollagc at ihc charge spot, V(O,I), may bc mkcn to
bc a constant, VO, ovt the discharge Ii fctimc. For

simplicity, wc sh~ll assume Ihc initiul active region aI I = ()
is given by O < z c z,, with xl small, and Lhc ir, ilial voltilgc is

given by V(Z,O) = Vo(l-z/zl) for (1 < z 5 z, wilh Vo/zl > E*

and V(Z,O) = 0forz1Sz5f. In lhc Iinlil ZI + (). the currcnl

front propagates down lhc striplinc \vilh vclocily (~?)-llzi

NOtc that at t s 0: -av/a Z s vt,s(Zh This ltirgc volltigc

grulicnt, togc[hcr with lhc currcnl frrnn[ dynamics.
rcsulls in ItICinsumlimcous clcvntion of the current w z =

4G() 10 a wlluc / v’).

tihruplly cvcrywhcrc

advuncc of the current

< 1. During discharge

If V. < E*l/2, lhc cbircnl Icrminolcs

at 4F[r:-~. (V{)/E*) wilh Ihc

from Jt thC pos;lion Zfina] = 2V()/E ●

N Iimc, 0 < i < If, lk currcn[ and

vol[agc in Ihc region ~~< ~ < t(@)-’ arc giv~n hy [s~~
Appendix D of ret’. 5)

v(u) = v,, - + E*Z , (10)
“

Xotc lhal when Ihc currcn[ vunislws iN If = 2 F t \’,)/l [”.

Jv---
1

L F* which is IIC1OW Ihrcshold.;,f,= ~..

.
uurrcnl cvolul ion. WC l:lliL’ lllr (“h:lrpc ;!11(1 (’urrrill
dcnsilics imd IIIC ;Ixitil clculric licld 10 lw Illk”l)cll IL’111 111’

%pilliill vtiri:ltion ucross Itw K-himncl, illld (11“iI
1’

10 I;i(”ilildlu

illu$lrtilim. is liik~i] I() I)c itldcpctidct]t 1)1’ Iimc. Ill Ihr
uurrc:tl ~’hanllcl. IIlc only olhcr ll(J1l-lrl Vi ill

vlcclromtignclic Iiclds urc Ihc rwlinl cluulric :Ind Illv

ilZilll Ulll ill Itin.:ilclit I’irld Colllpollcllls. I’hcsc l’irld

11



components arc assumed to be linear in the radial
cylindrical polar coordinate. Maxwell’s equations and eq.
(2c) for lhc current evolution in active regions of the
current channel yield,

(17)

where D is lhe z-component of Ihe electric displaccmcnl,
and f and g are electromagnetic waves traveling up and
down lhe current channel wiih lhc constanl speed of light,
c, in the channel. The plasma frequency. w ~,

ccmslaru in time, bul may be a function of z,

Al t = (), wc assume ;It.(.)) = [1 [no inilial
ID(z.0)1 s D*(zJ (i, c., IDI is hclow Ihrcshold),

is presumed

current) tind
An intense

forward .propagating pulse. (~1-Z/C) = A8(l. z/c) is

introduced at z =Owi[h Oe Ae D*, WC assume g = 0, The
propagating pulse arrives al z > () M [irnc [o(z) = z/c mid

inslanlancously raises [he 10C~l Villuc of Ihc axial
displaccmcnl by an amounl. A,

D(z.to(z)+) = D(z.et) + A

If Do(z) > D*, lhcn ~(z.t) and D(z,[)

oscillations on [he Iimc inlcrval

rd(op(z).

a l),)(z) . (Ill)

- D*(z) CXCCUIC unforced

1(,(2) < I < If(z) = 10 +

,(/. ) “.! 1). (/.)

“1’herefore, ID(I.,11(4))1 is Iwbw lhrcshold,

Icrminulcsl

A>() , ( 20)

;Iml Ihc disch:lr~c

17



.

+-—.-.—.—-—. -. -. -. ___ . .&----- z

hz-o

FIG. 2. A steep, narrow, electromagnetic pulse
propag8tcs in the positive z-dircc[ion along a
cylindrically symmetric channel. The @SC
raises fields above [hreshold in some regions
of the channel causing discharge current to
flow. [n other regions, il r:iiscs fields 10
Val UCS below [Ilosc rcqulrcd [or IhC onset of
discharge current. Subscqucnl pulses may
raise fields above [hrcshold In [hcsc regions.

[f a second clcc[romagnctic puisc is now Iaunchcd UI
k= (!, a process similar 10 the (irsl occurs wi[h [hc
important diffcrcncc thai currcni will propagate farlhcr
down ihc currcm channci. The rctison for lhc ridvimcc is
Ihal ihc first pulse has raised lhc Iicld in [hc channel even
where lhc currcnl was no~ driven. In such regions, [tic
passive field is closer m threshold. so :hc sccrmd pulse muy
mtikc [hcsc rcgimm uctivc.
I

[n [his wiIy, chiirgc is s[cppc(l
I I)WI1 [hc channel us it rcsull 11 I <ucccssivc, frccly -
proptigtiling, clcclromugnciic pulsc$,

lV. l!cl]cll~‘ kiJudlL..llluIY

Ilvcll IIlougtl t)ur Ill[)drls pl(lducc t’cillurcs 1)1
dischtirgc hchavior which quulilu[lvrly :Igrcc wilh lhosr
cxhihilcd in nwurc, ii ix ncccssury II) IL.SI IIIU Ihcury hv
qu;lnlililiivc compurisoll wilh CIIIIIIIIL.;II LI;II:I, $I)ItlC Iirsl
\lcps Il:lvc lwcii ltikcll in [his dirc(lll)ll, WC huvc Cmllparrd
IIIL” simplrsl po~sil~lc versions (JI’ I Ilc” lhrory wi[h N;lv;ll

Itusu:lrch I.tilwrirlt]ry I NKl, ) ,Iii[:l’) tl~r illl IIll(ll:rllilllll)illl
dls~’h;lrpc wilh :1 I .“l m currrn! , 11.III IIL. I ,IIItl WI III l“t.X;I~

I“Ucll (Itilil I I It)r :111 t)vc”r(lonll}(’tl ,Irc” ,11~~’llilrgt’ wilh It’llplll



The discharge current was
circuil inductance, L = 88
and variable Marx-bank
cxlernal circuit resistance

EXTERNAL
CIRCUIT

L

seen 10 [crminam abruplly.
1AH. bank capacimnce, C =
vollage were provided.

was not measured.

II
~ DISCHARGE

Ra =V”/ Ill

The
II I,IF,

The

i
I
I
i
I
I

FIG, 3. The LCR circuit used [o model
electrical discharge cxpcrlmcn[s JI ?lR1. tind
Tcx~s Tech, When tmom~wing our Ihrwry wiih

tlillu, Ihc ~r~ wws IIIodclctl ~s rL-sislanuc wilh J
~“tmslunl volldgc drq Vm ❑ 1<!11.

[n order 10 ICSI ItIC rcsisiivc waling wilh curr~fll

~gains[ Ihc NRL diIla, WC Illollclcd Ihclr tioflligurulioll
II SIIIg UII I.CR clrcuil (\cc I:igm 3), “1’oIJ1 Induclancc iInd
(tipticilnncc Were glvcn Ihc ~illllcs HH 1111 Jlld Ii 111: .

Icspculivciv. “rhc arc WiIY modeled Js J Icwslimcc cquul I(I
;I ulmsltinl. \’*, dividc~ IIV Ihr III:IPIIIIULIC (II [hc L“urrclll, I

,\Il cxltrlial rcsislancc, R, - Wil!i @KWl Ill writs wiih [tic :Irt’

Iscc I;ig, 31, m I.CR ~qUiIIIOIIS :Irc IIICII

d I

‘“h = v - RI - V“K!.!Ill ,

plv .,.:
d I

1.!1)

whcrr V IS Ihc Nlars. tmnk vtll[ogc. \vr used Illc 11,11,1

J%swlxlrll \vllh Ihc Illyhcsl III II I;II Sl;ir\.l\iillk v(III;i Pc III

,111111%1I!lc illlkllo~ll Il;lriltll(.t(’lf R :Illd f’ ● l’sillg N : (1 1(1
Jll(l V* .- 1.X kV, lhC Ih[’[lfv 11111 IHIIV )!;IVC ltll’ LI)II1’L’I

II II III II(* r 1)1 i’urlchl (Isclll,ll lolls, ;Impliludus ,111(!
Itrmlll;lli[)li II III L’, hm ;IISO pimlIrI(.d Ihc Sulllrlwn)! dlilp(’

1)1 IIK’ Iilsl Il;lll. t’yL’lc, ‘1’IIc Iil l% ~llt)uIl Iti I:iy, (4), XtllL. III(’

~h,lrl) t Il;lllgc iii Ihc slqw III’ Ilw I III 1(.111 .11 Ihc Iwglnllln}!

Id



of Ihc last half-cycle. From eq. (21), when I = O, and sgnl
changes sign, Ihe dcrivmivc of 1 is discominuous

(22)

This discontinuity occurs at all sign changes of Lhe
current, bul is apparent in lhe data only when ldl/dtl is
smallest.
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FIG, 5. Wilh lhe same values of R and V* used

in Fig. 4. bul an initial Marx-bank voltage of
22.4 kV, Ihe LCR theory predicts the currcnl
evolulion shown by lhe dashed curve. The
data taken by NRL is Ihe solid CUIVC.

10r~ , 1
n -

6

.4

.i

j

I

1
I4- Vo. 16hV -i

I
I

6 t

~;. ...... .. . ---- .... ..—..- .- —. .——
0 lW L. i Jw 4U 5cQ am

TIME (@)

FIG. 6, With Ihc same val~es of R and V* used
in Fig. 4, but an inilial .Marx. hank vollage of
16,() kV. [he I.CR lhcory prcr.lic[s [he currcnl
cvolu[iorr shuwn by ~hc dashccl curve. The
dwa [akcn by SRL is Ihc solid curve.



theories fail badly after arc rcsislancc achieves i[s
minimum value. Our theory, using R - 1.0 Q md V* = 0.92
kV, fits M well as Kushncr’s (see Figs. (7-9)). There is onc
critical difference between his scaling and ours. If onc
subsliiutcs an Iil-bls scaling in an LCR model, one finds Ihal
[he arc rcsislivc voliagc drop, Ral. hccomcs infinilc al zero

current. Therefore, no finilc ini[ial applied voltage is
capable of s[ririing a discharge currcnl.

TIME (YS)

Flc; . 7, The dashed CUIWCS In I:igs, 7-’) tire [he
swnc iltC rcslstancr ~.r Ilmc plol inlcrrcd

from discharge dala, The solid curve is Ihc
:1rc rcsisl~ncc vs. [imc plol ohlalncd by
solvi[, g [hc I.CR cqu I[ion% wilh R = 1.() i) m!
v. = (],q~ kv,

1 cm I r I 4. ---

0a<

0.10

TIME (p S)



FIG. 8. The dashed cumes in Figs. 7-9 arc the
same arc resistance vs, lime plo[ inferred
from discharge data. The solid curve is Ihe
arc resistance vs. time plol obtained from a
Iheory by M. J. Kushner which predicts an
inverse proportionality of arc rcsislancc on
:urreru raised to Ihe 6/5 power.
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FIG, 9. The dashed curves in Figs, 7-Y arc Ihc
sarnc arc rcsislancc vs. lime plol inferred
from discha~gc dtiIu, The solid curve is
Iypical of plots of arc rcsisltincc vs. lime
using other Iheorics of urc rcsislimce as a
funclion of current, Typictilly, Ihosc ~hcories
conlain tin inverse proporlionilliiy of arc
currcnl ()n Iimc inlcprtils () I Ihc currcnl,
rhs~ inlrgrals inhibll lhr In(rcasc of aic
rcsislancc ~llcr Ihc disch~r~!c ~’urrcnl peaks.

‘1’hc (~rrly ~i!l,.g-1~ \C’illi[lg (11’ ,Irt” rcsisluncc Ullll

~“ulrrrll Ihal ;Illows ~J~ J Iini[c Ihrcshold for ~urrunl
\larl and Ihc possibility I)( ill~rup[ ~.urrcnl lcrmlnullt~n 1~

R ,1 i% prnporlionill 1(} Ill” 1 for Slllilll ~urrcnls,

v, Sumllliwy

\\’c’ II;IVL’ I} IIIVI(I1”(I ;1 hlik.1 (lV(’l\ I(. W ill ii ~(qllL’lll”

ltlmrl~w~}l!it’ Ihu)rv t}f clc~’lII~I;Il ,lIwh. IIgts, I“hc ~:clli’11(”
Illrlll(’ 1$ Itlill Illcrr is n disslpullvc l~l~lt’t’$s [t ~ , l’!crrrl~.:11
lL’\l\ll Vll Vl \Vlll Ctll s1[ \lllilll i’11111”111, \illl(’% Illwrrscly \$llh
llIr mn~liiludc (tl Illc (“ufrrtll, 1Ill!i .L’illill~ (II’ rcslsliln(l.
‘it 1111 L“urrcri[ is IIIc t)rllv 11111*Nhlctl [!10111”1s IU)III lloll/L’l\)
hul finil~” field lllrcstr_(llds I(11 IIlv 1111s(?1 1)1’ disuh;lrl!c
( Ulrrnl ilml iil)tUlll Irrntinnlllm III t ultcllll “I”llc (’ITCL’1* 1)1
wII t’~ln~islunllv pr(hlurrd .Itld utl(’rn;lllv ~!rllt’r:llcd \b;1v(’%

lR



on charge lransporl in current channels has been
discussed and illustrated using simple examples. These
CffCCIS include ]cadersm We have shown how Ihc cvolulicm
Of Currcnl channels is predicted by Ihe theory. In
particular, lhe Ihcory may acco~nl Ior zigzagging and
bifurcation of current channels.

C!carly, there is a nkcd 10 understand [he inverse
scaling 0( rcsistivi[y with current magni[ude at small
curreru, Several ideas have been suggested. To date, none
arc supported by anylhing close 10 complclc analysis.
Research on lhis qucslion is continuing..
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